A THEOREM OF PALEY- WIENER TYPE FOR SCHRODINGER 

EVOLUTIONS 



C. E. KENIG, G. PONCE, AND L. VEGA 



Abstract. We prove unique continuation principles for solutions of evolution 
Schrodinger equations with time dependent potentials. These correspond to 
uncertainly principles of Paley- Wiener type for the Fourier transform. Our 
results extends to a large class of semi-linear Schrodinger equation. 



1. Introduction 

In this paper we study unique continuation properties of solutions of Schrodinger 
equations of the form 

(1.1) d t u = i(Au + V(x,t)u), (x, t) e E™ x [0, T], T > 0. 

The goal is to obtain sufficient conditions on the behavior of the solution u at two 
different times and on the potential V which guarantee that u = in R" x [0, T]. 
Under appropriate assumptions this result will extend to the difference v — U\ — u 2 
of two solutions u\ , u 2 of semi- linear Schrodinger equation 

(1.2) d t u = i(Au + F(u,u)), 
from which one can conclude that u\ = U2- 



Defining the Fourier transform of a function / as 

f(0 = (2^)-"/ 2 / e-*-°f(x)da 



one has 



e i\x-y\ 2 /4t 



u(x, t) = e ltA u (x) = I ~— u (y) dy 

i\x\ 2 /At r 

(i.3) =7F^/ ^ ix - y,it ^' u My)dy 

(2it) n / 2 { \2t) ' 

where e ttA uo(x) denotes the free solution of the Schrodinger equation with data itn 
d t u = iAu, u(x,0) = u (x), (i,i)el"xl. 
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The identity (|1.3|) tells us that this kind of results for the free solution of the 
Schrodinger equation are closely related to uncertainty principles for the Fourier 
transform. In this regard, one has the well known result of G. H. Hardy [11) : 

If f(x) = 0(e- x2/ P 2 ), f{(,) = 0{e~ Ae/a2 ) and a/3 < 4, then / = 0, 

and if a/3 = 4, then f(x) — ce~ x2 ^ 2 . 

Its extension to higher dimensions n > 2 was obtained in [21]. The following 
generalization in terms of the L 2 -norm was established in [5] : 

If f(x), e^f(0 G L 2 (M"), and a (3 < 4, then / = 0. 

In terms of the free solution of the Schrodinger equation the L 2 -version of Hardy 
Uncertainty Principle says : 

(1.4) If uo(x), e ztA u (x) G L 2 (R n ), and a/3 < 4t, then u = 0. 
In [8] the following result was proven: 

Theorem. ([8 ) Given any solution u G C([0,T] : L 2 (R n )) of 

(1.5) d t u = i(Au + V(x,t)u), (x, t) G R" x [0, T], 
with V G L°° (R™ x [0,T]), 

(1-6) ^ ||V||Li( [0 ,ri:L»(R-\B p )) = 0- 

and 

with a f3 < 4T, then u = 0. 

Notice that the above Theorem recovers the inversion of the Hardy Uncertainty 
Principle (|1.4j) for solutions of the IVP (|1.5|) , except for the limiting case a/3 = 
4T for which the corresponding result was proven to fail, see [8]. Also one has 
the uncertainty principle of the type first studied by G. W. Morgan in [IS]. The 
following result was proven in [12] for the one dimensional case n = 1 and extended 
to higher dimension in [3] and [19] : 

If / G L 1 (M") n L 2 (R n ) and f [ \f(x)\\f{Q\e lx ^dxdC<oo, then / = 0. 

In particular, using Young's inequality this implies : 

If / G L^R") nZ 2 (R n ), pe (1,2), l/p+l/q= 1, a, > 0, and 

(1.7) / \f(x)\e^dx+ [ |/(0| e^d£ < oo, a/3 > 1 => / = 0, 
it" 7r™ 

or in terms of the solution of the free Schrodinger equation : 
If u G L X (R") n L 2 (R") and for some f ^ 

(1.8) / \u (x)\e S! ^ L dx + / |e itA Mo(x)|e^TT^da; < oo, a/3>l, 

il" JR™ 

then u = 0. 

In the one dimensional case n — 1 the above condition a/3 > 1 can be replaced 
by an optimal one a/3 > | cos(p7r/2)| 1 / p as was established in [IS], [I], [3]. 
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In [9] the following result was obtained : 

Theorem. ([9]) Given p £ (1, 2) there exists N p > such that if 
u £ C([0, 1] : L 2 (R")) is a solution of 

d t u = i(Au + V(x, t)u), (x, t) £ R" x [0, 1], 

such that V £ L°°(R n x [0, 1]), 

lim ||V||ii([o,l]:£<»(R»\Bp)) = 0, 



and there exist a, j3 > 




with 1/p + 1/q = 1 and 

(1.10) a/3>N p7 
then u = 0. 

Some previous results concerning uniqueness properties of solutions of the Schrodinger 
equation were not directly motivated by the formula (|1.3I) . 

For solutions u = u(x, i) of the 1-D cubic Schrodinger equation 

(1.11) d t u = i{d 2 x u± \u\ 2 u), 

B. Y. Zhang [33] showed : 

If u(x, t) = for (x.t) £ (—oo, a) x {0,1} (or (x,t) £ (a, oo) x {0,1}) for some 
set, then u = 0. 

The proof is based on the inverse scattering method, which uses the fact that 
the equation in (|1.11|) is a completely integrable model. 

In [17] , under general assumptions on F in (jl.2|) , it was proven that : 

If ui, u 2 G C([0, 1] : i/ s (R™)), with s > max{n/2; 2} are solutions of the 
equation (|1.2p with _F as in (II. 2p such that 

ui(x,t) =u 2 (x,t), {x,t) £ T% a x {0,1}, 

where T^ o denotes the complement of a cone T Xo with vertex Xq £ R™ and opening 
< 180°, then u\ = u 2 . 

For further results in this direction see [TB] , [T7] , [T3] , [13] , and references therein. 
Note that in [lOj a unified approach was given to both kinds of results, using Lemma 
[3jand Corollary [T] below. 

Returning to the uncertainty principle for the Fourier transform one has : 

If / £ L 1 (R") is non-zero and has compact support, then / cannot satisfy a 
condition of the type f(y) = 0(e _£ ' y ') for any e > 0. 

This is due to the fact that f(y) = 0(e~ e ^) implies that / has an analytic 
extension to the strip {z £ C™ : |/m(z)| < e}. However, it may be possible to 
have / £ L 1 (R") a non-zero function with compact support, such that /(£) = 
0(e~ e ( v " y >), e(y) being a positive function tending to zero as \y\ — > oo. In the 
one-dimensional case (n = 1) A. E. Ingham [TSJ proved the following : 
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There exists / G L X (R) non-zero, even, vanishing outside an interval such that 
f(y) = 0(e~ e ( y ^ y \) with e(y) being a positive function tending to zero at infinity if 
and only if 

— dy < oo, for some a > 0. 

y 

In this regard the Paley- Wiener Theorem [20] gives a characterization of a func- 
tion or distribution with compact support in term of the analyticity properties of 
its Fourier transform. 

Our main result in this work is the following: 

Theorem 1. Let u G C([0, 1] : L 2 (]R™)) be a strong solution of the equation 
(1.12) d t u = i(Au + V(x,t)u), {x. t) G K." x [0, 1]. 

Assume that 



(1.13) sup / \u(x,t)rdx < A x , 

0<t<l JR™ 

(1.14) / e 2ai|a;i1 \u(x,0)\ 2 dx < A 2 , for some ai > 0, 

(1.15) suppu(-, 1) C {x G K™ : X\ < 02}, for some a-i < 00, 
with 

(1.16) V G L°°(R n x [0, 1]), ||y|Uoo (Knx[0>1]) = Mo, 
and 

(1-17) lim ||V"|| L i ([0 , 1]:L oo (R „\ B )} = 0. 
TTien u = 0. 



Remarks: (a) Note that in order to prove Theorem[TJ by translation in xi, we can 
choose who a 2 is. We will show that there exists m > (small) with the property 
that if (fl~T3l) . dHHJ), (fTTTBl) . (fTTTTj) hold and (fTTT5|) holds with a 2 = m, then 

u(x, 1) = for x G K" such that to/2 < si < to. 

This clearly yields the desired result. Without loss of generality we will assume 
to < 1. 

(b) By rescaling it is clear that the result in Theorem Q] applies to any time 
interval [0,T]. 

(c) We recall that in Theorem [T] there are no hypotheses on the size of the 
potential V in the given class or on its regularity. 

(d) A weaker version of Theorem [1] was announced in |10) . 

As a direct consequence of Theorem [T] we get the following result regarding the 
uniqueness of solutions for non-linear equations of the form (|1.2p . 

Theorem 2. Given 



u u u 2 e C([0, T] : H k (R n )), < T < 00, 
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strong solutions of (L2]) with k £ Z+ , k > n/2, F : C 2 -> C, F £ C k and 
F(0) = d u F(0) = duF{0) = such that 

(1.18) swpp(ui(-,0) - u 2 (-,0)) C {a; G M n : xi < a 2 }, a 2 < oo. 
If for some t £ (0, T) and /or some e > 

(1.19) ui(-,t) -« 2 (-,t) G L a (e e l* l ldar), 
iften ui = w 2 . 

Remarks: (a) In particular, by taking u 2 = 0, Theorem [2] shows that if iti(-,0) 
has compact support, then for any t £ (0,T) u±(-,t) cannot decay exponentially. 

(b) In the case F(u,u) — |u| Q_1 u, with a > n/2 if a is not an odd integer, we 
have that if ip is the unique non-negative, radially symmetric solution of 

— Atf + UJtp = |^| a "V: W > 0, 

then 

(1.20) ui(x,t) =e iut tp(x) 
is a solution ( "standing wave" ) of 

(1.21) d t u = i(Au+ lu^u). 

It was established in [22], [2] that there exist constants Co, c\ > such that 

(1.22) <^(x) < coe- Cl|a!| . 

Therefore, if we denote by w 2 (x, t) the solution of the equation (|1.21[) with a > n/2 
and data u 2 (a:, 0) = <p(x) + (f>(x), <p G i? s (M"), s > n/2 having compact support it 
follows from Theorem H (fOOl) and (fT22|) that for any t ^ 

(1.23) it 2 (-,t) ^ i 2 (e e|a:| dx), for any e > 0. 

In general, the same result (jl.23|) applies (in the time interval [0, T]) if one assumes 
that u\ is a solution of (|1.20[) having exponential decay 

\ui{x,t)\ < CDe- cl W, c , ci>0 (i,()eI"x[0,T], 

and u 2 is the solution of (| 1 . 20[) corresponding to an initial data 

it 2 (a;, 0) = u\(x, 0) + (p(x), 4> G H S (W), s > n/2 with compact support. 

The rest of this paper is organized as follows: section 2 contains all the prelim- 
inary results to be used in the proof of Theorem [TJ A version of them has been 
proved in [9], jS], [TO]. However, in some cases modifications are needed to apply 
them in the setting considered here. Hence, some of their proofs will be sketched. 
Section 3 contains the proof of Theorem [TJ 

2. Preliminary Estimates 

In this section we describe the estimates to be used in the proof of Theorem [TJ 
First we recall a key step in the uniform exponential decay estimate established 
in HZ]: 
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Lemma 1. There exists e„ > such that if 

(2.1) V : R n x [0, 1] -> C, with ||V|| L i L oo < e„, 

and u £ C([0, 1] : L 2 (R n )) is a strong solution of the IVP 

j d t u = i{A + Y(x, t))u + G(x, t), 
1 u(x,0) = uo(af), 

with 

(2.3) uo, ui = u(-,l)eL 2 (e 2A-B d!c), G £ i 1 ([0, 1] : L 2 (e 2X ' x dx)), 
for some X £ W 1 , then there exists c n independent of X such that 



sup ||e A ' :E u(-,t)|| i 2 (R „ ) 

0<t<l 




Notice that in Lemma Q] one assumes the existence of a reference L 2 - solution u 
of the equation (|2.2[) and gets a control on the decay of the solution in the whole 
time interval in terms of that at the end points and that of the "external force" . In 
general, under appropriate assumptions on the potential V{x, t) in (jl.ljl one writes 

V(x, t)u = x P V(x, t)u + (1 - x P )V(x, t)u = V(x, t)u + G(x, t), 

with Xp € C^°, xp( x ) — 1) M < Pi supported in \x\ < 2p, and obtains the estimate 
(|2.4[) by fixing p sufficiently large. Also under appropriate hypotheses on F and u 
a similar argument can be used for the semi- linear equation in (11.21) . 
Next, we recall the conformal or Appell transformation: 

Lemma 2. Ifu(y,s) verifies 

(2.5) d s u = i{Au + V{y, S )u + F{y, S )) 7 (y, s) £ R" x [0, 1], 

and a and f3 are positive, then 

(2 6) u(xt)=( ^ ) 9 u( ^ x Si "l e J { :~i-t+m 

\ Z -°J U V X ' L > ~ \a(l-t)+l3t) U \a(\-t)+Pf> a(l-t)+pt) C > 

verifies 

(2.7) d t u = i (Au + V(x, t)u + F(x, *)) , (x, t) £ K™ x [0, 1], 

with 

and 

(2 q) F( t ^ — f ^2 ^ 2 +2 F f ^ x ^ ^ p 4i(^(i-t)+gt) 

^z.yj r ix, t; — ^a(i-t)+0tj r \a(l-t)+£i' a(i-t)+0t J 

The following result is a modified version of the one in [6] (Lemma 3.1, page 
1818). It will provide a needed lower bound of the L 2 -norm of the solution of 
the equation (|1.1|) and its first order derivatives in the x\ -variable in the domain 
{x : R - 1< xi < R} x [0,1]. 
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Lemma 3. Assume that R > large enough and that <p : [0, 1] — > R is a smooth 
function. Then, there exists c — c(n; ||</?'||oo + ||</?"||°°) > sucft i/iai i/ie inequality 



(2.10) 



"R2" 



o°1 — — i-<PW\ 



L 2 (dxdt) 



< C 



L 2 (dxdt) 



holds when a > ci? and g G Co°(K n+ ) is supported on the set 



{{x,t) = (xi,..,x n ,t) € 



■ 1 i? 



V(*)l > !}■ 



Proof. As it was remarked above this result is a variation of the one given in detail 
in [5J, hence a sketch will suffice. 

By translation, without loss of generality, we can assume £o,i — 0- Let 



Then, 
(2.11) 
where 



f(x,t)=e^ + ^ 2 g(x,t). 
e^+^\\id t + A)g = S u f - 4aA a f, 



S a =id t + A+^ T \^ + V \ 2 , 



Thus, 

(2.12) s; = S a , A* a = -A a , 

and integrating by parts (possible since g € C^°(M™ +1 ) ) one sees that 

\\e^+^(id t + A)g\\ 2 2 = (S a f - 4aA a f, S a f - 4aA a f) 

> -Aa{{S a A a - A a S a )f, f) = -4a([5 CT , A a ]f, f) . 
A calculation shows that 



From this it follows that 

I x l i ,_|2 



(2.13) 



e ff| TT +vl (id t + A)g\\ 
16a 3 



> 



8(7 



/? , j + 1/1 'dxdt + jp J \d x J\ 2 dxdt 

8ai 



+ 2a /[(^ + ^)</ + (^) 2 ]|/| 2 dxdi-3(— I <p'd x Jfdxdt) . 



Now, when a > cR 2 one has 



— r > c cr, 



so by taking c large enough, depending on ||^'||oo and ||<p"||oo, and using that 
1^- + ip(t)\ > 1 on the supp(f) = supp(g), we can hide the third term on the right 
hand side (r.h.s.) in the inequality (I2.13[) in the first term in the r.h.s. Also, since 

1^ / \v'\\d x J\\f\dxdt\ 

<^WU [ \f\\d x J\<M<P'\\lo [ \f\ 2 dxdt + ^ f \d x J\ 2 dxdt, 



8 



C. E. KENIG, G. PONCE, AND L. VEGA 



the contribution of this term in (|2.13[) can be hidden by the first and second term 
in the r.h.s. of (|2.13j) if c is large. This concludes the proof. □ 

Note that the same proof works by taking c a bit larger, if we only assume 
|f + <p(t)\ > 1/2 on supp(g). 

In the proof of Theorem [1] we shall need the following extension of Lemma [3] 

Corollary 1. Assume g G L 2 (W n+1 ) with x\, t on supp(g) bounded, 

supp(g)c\{(x,t) = (x l ,..,x n ,t) GR" +1 : \ Xl ^ + <p(t)\ > 1} 



(llh 



d (id t + A)g G L 2 (R n+1 ), then the inequality (|2TTU|) holds. 



Proof. We can again assume that :ro,i = 0. We introduce the notation x = (x\, x') G 
R x M™- 1 . Let 77x G C£°(R), r?i > 6, suppfa) C {|xi| < 1} and ry 2 G Cg° (M™- 1 ), 
7? 2 > 0, supp(r) 2 ) C {\x'\ < 1} with 

/ Vi( x i)dxi = 1 and / r]2(x')dx' = 1. 
Jr if- 1 

For 5 > small define 

h s (x,t) = j^rn(t/5 2 )n 1 (xi/S)n 2 (x / /S' 1 ^ 1 ) and g$ = h s * g. 

Let 6 G C^QR"- 1 ), 6{x') = 1, \x'\ < 1, and sttpp(^) C {|x'| < 2}. For I large, 
define 

gs,i(x,t) = 6(x'/l)g s (x,t). 

Note that for S > small, 

Mtf!P(ff«) C{(s,t) : |f + V {t)\ 2 > 1/2}, 

and the same holds for gsj. Moreover, gs.i G Cg°(W l+1 ). 
We apply Lemma [3] to gs.i to obtain: 

(2.14) ^ e CT l*+^)l 2 35 , <c e^ + ^ 2 (id t + A)gs, l 

L 2 (dxdt) 



L 2 (dxdt) 



R 2 

Next, we fix 8 > small and see that 

(id t + A)g s , l = e(x'/l)(id t + A)g s 

(2.15) 2 I 

+ -jV6(x'/l)-Vg s (x,t) + pAe(x'/l)g 5 (x,t). 

Therefore, by taking I — > oo the L 2 (dxdt)-norm of the the last two terms on the 
r.h.s. of (|2.15j) tend to zero. Hence, inserting this in (|2.14|) we obtain the same 
estimate for gs. Next, we have that 

(id t + A)g s = (id t + A)(h s * g) = h s * (id t + A)g. 

Using the suprcmum in S (non-isotropic maximal function) and its boundedness, 
together with the boundedness of the support in (x\,i) of g, so that 



a.R, 



by the dominated convergence theorem we can pass to the limit as S — > to obtain 
the desired result. □ 
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3. Proof of Theorem Q] 

We divide our argument into six steps: 
Step 1: We claim that 

(3.1) sup / e 2aixi \u(x,t)\ 2 dx < A 3 . 
o<t<i ip 

Proof of Step 1 : Using (11.1 T[) in Theorem Q] we choose p so large such that 

II^X{|x|>p} Hli([0,1]:£°°(R")) < En, 

with e n as in Lemma [TJ From (I1.13[) - (I1.15[) we have 

/ e 2aiXl \u(x,0)\ 2 dx < A 2 , 

and 

J e 2aiXl \u(x,l)\ 2 dx < A 1 +e 2aim < A x + e 2ai . 
We apply Lemma[TJ with G(x,t) — — X{\x\<p} V(x,t)u(x,t), using that 

: \\ eaiXl X{\a>\< P }V u\\ 2 dt < e a ^M A 1 , 

which gives step 1 with A3 = As(Ax] A2] a\] Mq; p) . 
Step 2: Define 5 > as 

(3.2) 5 = -^, 

with Mo as in (| 1 . 16[) and e„ as in Lemma [T] Note that 8 < 1, and 

(3.3) / ||V(.,t)||oo<ft < e„. 

Jl-S 

Let 

(3.4) v(x,t) = u{S 1/2 x,5t + 1 - 6). 
We shall show that under the hypothesis of Theorem [1] 



(3.5) / \v(x,l)rdx= \u(x,l)rdx = 

as desired. 
Defining 

(3.6) V s (x,t) = SV(6 1/2 x,6t + 1 -S) 
we see that v(x,t) satisfies the equation 

d t v = i(Av + V s v), (i,t)eK"x[0,l], 
We notice, using (|3.3p . that 

(3.7) ||^||l~ ( r»x[o,i]) <M S<e n , [ \\V 6 (;t)\\oodt < e n , 



and 



,2 , ■ M 



\v(x,t)\ 2 dx = ^ l\u{y,5t + l-5)\ 2 dy< ^ 
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with 

supp(v(-, 1)) C {xi < m/5 1 / 2 }. 

Thus, from (|3Tj) 

A 3 



2a ^ sl/2 \v(x,0)\ 2 dx= / e 2a ^ sl/2 \u(S^ 2 x,l-S)\ 2 dx< 



§n/2 ■ 



We remark that S was fixed in ()3.2j) (independent of m) , and that we can still choose 
m small. 

Step 3: Using the Appell (conformal) transformation Lemma [2] we have that if 
d s v = i(Av + V s v), (y,s) el" X [0,1], 
then for any a, /3 > 

(3-8) = (s^^fe) f - (srS?^' =<rfeO e4l '^-'^ t) > 

verifies 

<9 t v = i(Au + Uv), (i,()el"x[0,l], 



with 



y, .s = «^ F / Vafix fit \ 

lX ' j (a(l - t) + /3t) 2 5 U(l-t)+/3t'a(l-t) + /3tA 



For A > given we will choose a = a(A, S), (3 — (3(X, S). We recall that 

He-^V, 0)||I < M 



<W 2 ' 

and from the support hypothesis 

\\e^v(,l)\\t< e - Sn/2 A \ 
We want 7 = 7(A, S) such that 

aI/2 

||e^«(a,0)|| a = \\e<WV 1/2 ^v(x,0)h = || e °^ 1/2 «(-, 0)|| 2 < 

and 



\\e^v(x, 1)|| 2 = ||e-rW«) 1)|| 2 = || e ^„(., 1)|| 2 < ^7^- 

Thus, we choose 

(3.9) 7(«//5) 1/2 - ^ 1/2 ai, 7(/5/«) 1/2 = A, 
i.e. 

(3.10) 7 = (A(5 1/2 ai ) 1/2 , /3 = A, a = <5 1/2 ai . 
Next, using the change of variable 

/3 ~_ a/3 

<_ a(l-t) + /3t' KHCT ' 
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it follows that 
"i 



a/3 y/a(3x f3t 

> V S\—R T\ I 0, > Ti .N , flj ||oo<ft 



" (a(l - t) + pt) 2 oy a(l-t)+ /3t' a(l-t) + fit' 



I \\Vs(;?)\\oodt<e n , 
Jo 



using (|3.7[) . So we can apply Lemma Q] again, this time with G = 0, to obtain that 

,1/2 ,1/2 

SUp h ^v{^<Cn{% i + % i ^^] 
<T r. ^rn/6 1 ' 2 

< C e^ sl/2 , 



(3.11) 



0<t<l 



if A > is large and 7^ 0, (how large A is for this depends on m, A\, A3 and 6, 
but this will not matter). Note that 

(3.12) K-,^ = IK, a(1 4 + ^ <^ 

hence 

^1/2 

(3-13) sup ||w(-,t)|| a < t^tt- 

0<t<l 1 

Now, we denote by <\>q(x\) > a C°° convex function such that 

0, x x < 0, 

xi - 1/4, Xl > 1/2, 



(3.14) M*i) 
and define 

<j>{x 1 ) = {l + ^{x 1 )) 2 ) 1 ' 2 . 
Since 7 = (A^V) 1 / 2 , from (|3~TTj) and large A we have 

(3.15) sup \\e^ x M;t)\\2<c 5 , ai e Xm / sl/2 . 

0<t<l 

A computation shows that 

0o(zi) <l>' (xi) 



4>'{x x ) = 

<t>'(xi) 



and 

(<P'o( x i)) 2 0o {xi ) 4>o (xx) 



(1 + (Mxi)) 2 ) 3/2 (i + (Mxi)) 2 ) 3/2 ' 

Thus, for xi > 1/2 one has that 

(3-16) <j) (xi) > 77- = 1 1 

4 (1 + x 2 ) 3 / 2 4 (xi) 3 

We now follow an argument similar to that in [9] section 2. Let 
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Then / verifies 

(3.17) d t f = Sf+Af + ie r *F, in IT x [0,1], 

with symmetric and skew-symmetric operators S and A 

§ = -i-y(2d xl <t>d Xl + d 2 Xl cl>), 

A=i(A + ^ 2 \d Xl 0\ 2 ). 

and 

F = Vv. 

A calculation shows that, 

(3.19) S t + [S, A] = - 7 [Ad Xl <p"d Xl - Aj 2 cf>" (0') 2 + ^ (4) 

By Lemma 2 in [9] 

d 2 H ee d 2 (/, /) =2d t Re (ft/ - §/ - Af, /) + 2 (S t / + [S, X] /, /) 
+ \\dtf -Af + S/|| 2 - - A/ - S/|| 2 , 



ft 2 ff >2fti?e(ft/-S./--yi/,/) 

' ' + 2 (S*/ + [s.yi] /, /) - ||ft/ - A/ - s/|| 2 . 

Multiplying (|3.21[) by t(l — i) and integrating in i we obtain 

2 f t(l-t)(§ t f+[§,A]f,f)dt 
(3.22) J o 

<c„ sup||e^«(t)|| 2 + C „ sup||e^F(t)|| 2 . 

[0,1] [0,1] 

This computation can be justified by parabolic regularization using the fact that 
we already know the decay estimate for v, see [7] . Note that for A sufficiently large 

(3-23) ||V|U < (£) Halloo < SM = 

Hence, combining p. lip . (I3.19[) . and (13.23)) it follows that 

87 Jo J t(l ~ t ^' ^\ d ^f\ 2dxdt 



(3.24) 



+ 8 7 3 / / t(l-t) ( f ) "(x 1 )(^(x 1 )) 2 \f\ 2 dxdt 



< C„7 SUp || /(-,t) || 2 + C S ,M ,ai,n A Slip ||/(-, t)||| + C„ SUp ||/(-, t)\\\ 
[0,1] [0,1] [0,1] 



S C5,M ,ai,n Ae 

We recall that 

d x J = e ^(-0 ft^ + 7 e^ «, 
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thus 



with 



l\d x J\ 2 =ie 2 ^^\d Xl v + 1 4>'{x 1 )v\ 2 

= e 27<H* 1 )( 7 |a ci? |2 + 2 1 2 4f(x 1 )vd Xl V + 7 3 (0'(^l)) 2 H 2 ), 



2|~|2 



|2 7 V(*i)«M < + 2 7 J (</>'(x 1 ))^|«| 

Inserting these estimates in (|3.24l) for A large one gets 

4 7 J J t(l - t) 0" (an) e 2 ^^ \d Xl v\ 2 dxdt < c StMo ,a u n A e 2A ™/* 1/2 . 

Hence, for .ti > 1/2 from ()3.16j) one has that 

J tfl-^e 2 ^ |d ai £| 2 dxdi < CS.Mo.a^nAe 2 ^/^, 

for A large. Collecting the above information, p. lip , and (|3.24j) we conclude that 



sup ||e^ (2:i) w(-,i)ll2 +7 
(3.25) o<t<i 



t(l-t)- 



Jii>; 



c2-y0(xi) 



Step 4 : We will give lower bounds for 
$ = 



for i? large to be chosen. 
First, we recall that 



5/8 



5/8 



'2<xi<fl/2 .73/8 

Next, for i e [3/8, 5/8] we see that 



2< Xl <R/2 J3/8 



( V^B 
\a(i-t)+pt 



\v(x, t)\ 2 dtdx, 



fit 



»(l-t)+/3t ' ct(l-t)+/3t 



dxdt. 



8(t) 



0t 



a{\-t) + pr 



satisfies that 



with 



ap ap a 



and 



Therefore 



for large A, and 



5(3/8) = 
8(5/8) = 
s(5/8) - s(3/8) 



3/3 



5a + 3/3 

5/3 
3a + 5/3 



e (1/2,1), 
e (1/2,1). 

2af3 



(5a + 3/3)(3a + 5/3) /3 : 
s(5/8) > s(3/8) f 1 as A too. 
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In the x-variabic we have 



V ~ a(l-t) 



so for t € [3/8, 5/8] and 2 < x\ < R/2 one basically has that 
Thus, 

(3.26) *>c„^ / / |«(y,s)| 2 dsdy, 



with 



with 



AJI X 



J A = [«(3/8), 8(5/8)], |Ia|^| for A » 1, 



s(3/8)->l as A too. 
2MX 1 / 2 m 



(^Va al )l/2 CB , 



We choose 

(3.27) i? = 
with 

(3.28) -M > -L 

c„ d 1 /^ 

to be fixed latter. Since 

fa jy*a\ /2 n 

aS t0 °' 

and 

i? fa 2M ui m 



Hence, from (|3.26|l we can conclude 

(3.29) liminf$>c n / \v(y, l)\ 2 dy. 

AT °° Jo<yi<-£k 

Step 5 : Upper bounds for 

r 31/32 



s(fl) = / / 

«/£<a:i<.R J\ 



(\v(x,t)\ 2 + \d Xl v{x,t)\ 2 )dtdx. 

/32 



For the square of the L 2 -norm of v we have the bound Ai/S n / 2 , see (|3.12l) . For 
the square of the L 2 -norm of d Xl v using the conclusion of Step 3 (I3.25|) we get the 
upper bound 

Cg,Mo,ai,n (l+K )Ae 

Step 6 : Carleman estimate [4] and conclusion of the proof. 
We assume that for m > to be chosen 

(3.30) b= f \v(y,l)\ 2 dy>0. 

f m ^ „ m 
J 25 T T I<yi< J T 7Z 
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We recall that 

supp(v(-, 1)) C {yi < m/5 1 / 2 }. 
From step 4 we have that for A sufficiently large 

r r 5/s b 

(3.31) / / \v{x,t)\ 2 dtdx > -. 

J2<x 1 <R/2 J3/8 2 

Now, let 

xq.i = R/2, 

and <p : [0, 1] -> 1 be a smooth function such that < ip(t) < 3/2 — 1/ R, 

/3/2-1/iZ, *G [3/8,5/8], 

(3 - 32) ^ ) = \o, t € [0, 1/4] U [3/4,1], 

with 93, 05', 05 uniformly bounded in i? for R large. We fix 

a = cR 2 , 

with c denoting a universal constant whose value may change from line to line, so 
that Corollary Q] applies. Chose R G C°°(M), with < 9(x x ) < 1 and 

1, \<xx<R-l, 
0, xx < 1/2 or xi > R. 

Let C e C°°(R) satisfy < ((xi) < 1 and 

0, Xi < 1, 

1, xi > 1 + l/(2i?). 



(3.33) M^i) 



(3.34) C(a:i) : 
Define 

(3.35) g(x, t) = R ( Xl ){(^Jm + ^ ~ {Xj t y 

Let us see that g(x, t) verifies the hypotheses of Corollary Q] so we can apply the 
inequality (I2.10[) . First, it is clear that it is supported on the set 



1/2< X1 <R, 1/32 < t < 31/32, Xl ^ 2 + <p(t) 

R 



> 1. 



Below we shall see that 

(id t + A)g e L 2 (dxdt). 

Note that 

(3.36) if 3/2<x x <R-l and 3/8 < t < 5/8, then g(x,t) = v(x,t). 
In this domain, 9r(xi) = 1, and 

xi - R/2 , , xt 1 1 

— — + 05 (t) = — + 1 > H . 

R ^ w R R - 2R' 

which gives (|3.36[) . 

Also if xi > 2 one has xi/R+1 — 1/R> 1 + 1/R, so that we have a lower bound 
r for the left hand side of (|2.10|) squared with 

3 r /'5/8 t 

(3.37) r = ^_ e 2.(i+i/fi) 2 / / \y[ X}t )\ 2 dtdx> -c z R 2 e 2 ^ 1+1 l^\ 

" J2<xi<R-l J3/8 2 
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for R large from (|3.31[) . The equation for g is 



(id t +A)g = e R ( Xl X 



X! - R/2 



R 



+ <p(t))v(x,t)v 



(3.38) 



Xl 



- R/2 



R 



V (t))(29' R {x 1 )d Xl v + v9 R (x l )) 



(*C(V (*) + C" (-)^)0r(xi)v + |c'(0Mzi)^ v 

Ei + E2 + -E3 . 



Note that (id t + A)g € L 2 (dxdt) by Step 5. 

On the domain 1/2 < £1 < R, 1/32 < t < 31/32 (which contains the support of 
g) one has (see P-lOp ) 



Halloo <^ M for A»l. 



Thus, since 



— = c 3 R 2 

for R sufficiently large we can absorb the contribution of the term containing E\ in 
the right hand side of (|2.10j) in the left hand side of (|2.10[) . So we have 

-c 3 R 2 e 2 ^ 1+1 /V 2 <c [ f \E 2 \ 2 e 2 °\^ + ^ 2 dxdt 



+ cf f lEsfe^^^+^dxdt. 



Next, we analyze the contribution of Ei. In this case, each term contains a factor 
equal to a derivative of 9 R , so the possible contribution are from the sets : 
1/2 < x\ < 1 and R — 1 < X\ < R. If 1/2 < x\ < 1, then 



Xi-R/2 . . 1 1 3 1 

1 ■ + <p(t) < 1 = 1. 

^ y ' ~ R 2 2 R 



R 



so in this domain 



In the region R — 1 < x± < R we have 



xx- R 2 1 3 1 „ 
— '— + tp(t) < 1 1 = 2 



1 

i?' 



so 



the contribution of the term involving _E 2 is bounded above by 

/■31/32 /■ 

/ / {\v\ 2 + \d Xl v\ 2 )e 2 < 1 -W 2 dxdt 

J 1/32 JR-Kx 1 <R 

/■31/32 

/ / (l^l 2 + l^^l 2 )^ 

'1/32 JR-Kxi<R 



2a(2-l/fl) 2 



= H(ii) e Ma-i/fl) 3 . 

Next, we consider the term involving E3. In this case, each term contains a 
factor equal to a derivative of £ so its support is restricted to 

l< Xl ~* /2 +<p(t)<l + l/2R, 
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with 1/2 < xi < R (support of 9r) and t G (1/32,31/32). Hence, its contribution 
is bounded by (see (|3.12p ) 

/•31/32 r 

ci? 4 / / \v(x,t)\ 2 e 2 ^ 1+1 /^ 2 dxdt 

Jl/32 J ±< Xl <R 

/•31/32 r 

<cR 4 e 2 ^ 1+1 /^ 2 / \v(x,t)\ 2 dxdt 

Jl/32 J±<xi<R 

<ce 2.(l + l/(2fl)) 2 M R\ 
— fin/2 

Collecting this information and using that R is large we get 

(3.39) ^c 3 R 2 e 2 ^ 1+1 /^ 2 < cS^eM 2 " 1 /*) 2 + c Al . 5 e 2 ^ 1+1 ' 2 ^ R A . 

Since R is large the second term on the right hand side (|3. 391) can be hidden on the 
left to get that 

(3.40) ^3^2.(1 + 1/^ < cS(i?)e M2-i/ii)^ 

Now, since a = cR 2 one has that 

2ct(1 + i) 2 - 2cr(2 - ±) 2 = -6cR 2 + !2cR > -10ci? 2 , 
for R large. Thus, from (|3.40[) it follows that 

(3.41) ^c 3 R 2 e' WcR2 <cE(R). 
But using ([3~2"5l) 

r [.31/32 

E(R) = / / (\v\ 2 + \d Xl v\ 2 ){x,t)dtdx 

J R-l<x 1 <R Jl/32 

(3 - 42) = f [ 31/32 e 2 ^ 3 ^ e- 2 ^^\\v\ 2 + \d Xl v\ 2 )(x, t)dtdx 

J R-Kxx<R Jl/32 

< ce-'' R R 3 Xe 2Xm ^ sl/2 < cR 3 e-' R e 2Xm / 5l/2 , 
for A >> 1 and x\ > R >> 1 one has that 

-xi < (j){xx) < Xi. 

Thus, inserting (pTl2"]) into (pT4"T|) it follows that 
(3.43) 6 < ce l0cii 2 - 7 fl+3Am/^ 

where 

R = rlm\m > 7 = (A^ 1/2 ai ) 1/2 , and —M > l/5 1/2 . 
So we have, changing c n into c, 

10ci? 2 - jR + 3Xm/S 1/2 

40cM 2 m 2 A Nl/9 2MA 1/2 m Am 

(A5 1/2 ai) 1/2 — = — -rj— + 3 



= A 



c 2£l/2 ai V V ((5 l/2 ai )l/2 c 5 l/2 

/40cM 2 m 2 2Mm 3m 



V 



V c 2 <5 1 /2 ai c + 51/2 J 
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We need the expression in parenthesis to be negative, i.e. 

40cM 2 to 2 3m 2Mm 
c 2 S i/2 ai + ~p7^ < 

Divide by Mm , we need 

AOcMm 3 2 
c 2 J 1 /2 ai + mW 2 < c" 

First, we choose M so large such that 2M/c > and 

-J_<I 

So now we just need 

40cMm 1 
c 2 5 1 / 2 ai c 

This can be done by taking to > small. Therefore, we have proved that 6 = 0, 
which yields the desired result. 
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